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Symmetric matrix : Definition : A square matrix A = [a,-]-] is
said to be symmetricif A = A'i.e,, if a;=a; i.e., the (i, j)th element
is the same as the (j, ))th element.

Thus in a symmetric matrix a;=aq;; for all i, j i.e., a;p =ax,

13 =831, B33 =43), -..
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Forexample,if A=|h b f|thenA'=|h b f
i [g f J L‘ f= ne J
A=A
~Ais symmetric =
Skew-symmetnc matrices : Definition : A square matrix

A=a; ]1ssa1dtobeskew-symmetr1C1fA——A'1e if a;=—ayie.
the (i, ])th element is the negative of the (j, D)th element for all

L, J-
Since, by deﬁmtlona =—q;=>2a;=0 . =0.
Therefore the diagonal elements of skew—symmetnc matnx are

always zero.
0 a b

For example, the matrix| -2 0 ¢ |is skew-symmetric.
b —< 0



Properties

L The product of any matrix with ifs frEnspose s sypy,
Fig

LetAbeamxX n matrix and X’ﬁ -therefor A ig 5
matrix. trix of order m.

Hence X = AA’ is a square ma s
Now, X' =(AAYY = (AYA =AA' Art. 323, () = X

- X is symmetric by definition.
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ExIfA=|x ¥ , find the value of AA’.
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Soln. Here _-1 ¥ yz
AA = ; X[l X xz]
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[ 1-1+1-1 1x+1y 1'12+1-y2 |
= x1 +y-1 XX+ Yy x-x2+y-y2
21+l Dxryry  xad iyt
[ 2 x+y xX+i?
=| x+7 X+y Oy
bI'Z-'i-yz x3+y3 x4+y4

g Note'! Evidently AA’ is a symmetric matrix.

-

IL. If A be any square matrix, then
(2 A +A’"is symmetric. (b)) A-A'isa skew-symmetric.

- LetP=A+A’'andQ=A-A"
Then@ P =A+AY=A"+(A"y
- =A'+A=A+A'=P.
. Pis symmetric. ;



Let A be a square matrix of order 1 and let |
1

Y ekl i e (1)
X is symmets e
and Y = 158

S Yis skewc‘

Now from (1), A = X +¥ andhefice the result follows.

To prove that the representation is unique, let A =P + Q be
another such representation of A, where P is symmetric and Q
is skew-symmetric.

We want to show that P=Xand Q=Y.

WehaveA’=(P+Q)’=P'+Q‘

=P-Q; P =Pand Q = -Q.

L A+A'=2Pand A - A'=2Q.

This = P=-;-(A + A") and Q:%(A-A').

~ ThusP=Xand Q=Y.
Therefore the representation is unique.
1 2 3
Ex. Express| 3 4 5
S & 7
as the sum of 2 symmetric and a skew-symmetric matrix.
[PU. 2001H]
i 2 3 13 B
Soln.letA=|{3 4 SisothatA'={2 4 6}-
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1 n ] 1 0 —1/ ’
==—(A-A)=| A 2
and Y 2( [1 18

. A=X+Y where Xissymmeu-icaninsskew-sym,n%

IV.If A, B are symmetric matrices, then

(@) A + B is symmetric
(b) AB is symmetric iff AB = BA
(c) AB + BA is symmetric and AB - BA is skew-symmetric,

Proof : Since A and B are symmetric matrices,

we have, A’ = A and B’ = B.

(a) Let P=A + B.

ThenP’=(A+B)'=A'+B'=A+B; "A'=Aand B =3
= P =P

. P is symmetric.

(b) Let Q = AB.

Then Q' =(ABY =B'A'=BA (" A'= A and B' — B)
=ABif AB=BA

= Q=Q.

- Qis symmetric if AB= BA.
(c)LetR=AB + BA.
Then R’ = (AB + BAY =(AB) + (BAY
=B’A’+A'B’=BA+AB=AB+BA = R.
. R is symmetric.
Again, let S= AR _ BA.
Then S’ = (AB - BA) = (ABy — (BAY
=B'A'- A'B'=BA ~AB=—-(AB - BA) =-_§,
. Sis skew-symmetric.



